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PLURISUBHARMONIC DEFINING FUNCTIONS IN C2
LUKA MERNIK
Abstract. Let Ω = {r < 0} ⊂ C2, with r plurisubharmonic on bΩ = {r = 0}. Let ρ be
another defining function for Ω. A formula for the determinant of the complex Hessian of ρ
in terms of r is computed. This formula is used to give necessary and sufficient conditions
that make ρ (locally) plurisubharmonic.
As a consequence, if Ω admits a defining function plurisubharmonic on bΩ and all weakly
pseudoconvex of bΩ have the same D’Angelo 1-type, then Ω admits a plurisubharmonic
defining function.
1. Introduction
A domain Ω = {r < 0} ⊂ Cn is pseudoconvex if the complex Hessian of r is positive
semi-definite for all complex tangent vectors at all boundary points. A stronger property
is admitting a plurisubharmonic defining function, that is, the complex Hessian of r is
positive semi-definite for all vectors in Cn at all points in Ω. An intermediary condition is
admitting a plurisubharmonic defining function on the boundary, where the non-negativity
of the complex Hessian need only occur at the boundary. Although every domain with a
plurisubharmonic defining function on the boundary is pseudoconvex, the converse is not
true. Diederich and Fornaess [4], Fornaess [5], and later Behrens [1] found examples of
weakly pseudoconvex domains in C2 which do not admit local plurisubharmonic defining
functions, even on the boundary.
The goal is to study the inequivalence of these three intraconnected notions of positivity.
In other words, the aim is to understand the (in)ability of “spreading” of positivity of the
complex Hessian to either non-tangent vectors or points off the boundary. Spreading of
various kinds of positivity of the Hessian has been studied in [7] and [8].
Since two kinds of spreading are involved, each is considered separately. The first step is
understanding the speading of the positivity of the complex Hessian from tangent vectors to
the “missing” normal direction at boundary points. That is, answer the question whether
a pseudoconvex domain admits a plurisubharmonic defining function on the boundary. In
[12], the author gives necessary and sufficient conditions for a pseudoconvex domain Ω to
admit a local plurisubharmonic defining function on the boundary. The following expression
for the determinant of the complex Hessian on the boundary was obtained
Proposition 1.1 ([12]). Let Ω = {r < 0} ⊂ C2 with a defining function r and let ρ =
r(1 +Kr + T ) be another defining function of Ω. Then
Hρ(p) = H(1+Kr+T )r(p) = 2KhLr(p) + H(1+T )r(p) for all p ∈ bΩ,
where Lr is the Levi form and Hf is the determinant of the complex Hessian of f .
The second step involves spreading the positivity of the complex Hessian from the bound-
ary and inside the domain. Namely, given a defining function plurisubharmonic on the
boundary, does there exists a plurisubharmonic defining function and if so what modifi-
cations need to be made? The goal of this paper is to generalize the Proposition 1.1, by
2010 Mathematics Subject Classification. 32T27.
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deriving a formula for Hρ that holds inside the domain as well. Let ρ = r(1 +Kr +X) =
r(Kr + P ). Then, as shown in Section 3 below,
Hρ =
(
2KPHr(Lr, Lr) + P
2
Hr + 2PRe[Hr(Lr, LP )] +BP
)
+ r
(
4K2Hr(Lr, Lr) + PQP + 2Re[HP (Lr, LP )] + 4KPHr + 4KRe[Hr(Lr, LP )]
+ 2KHP (Lr, Lr)
)
+ r2
(
4K2Hr + HP + 2KQP
)
, (1.2)
where Hf (V,W ) is the complex Hessian of f acting on vectors V and W . The terms BP
and QP are “error” terms to be defined later. These terms cannot, in particular, be written
in terms of Hf or Hf for a relevant function f .
Under hypotheses of interest, many terms in (1.2) can only be directly controlled on bΩ.
Taylor’s formula, centered at a boundary point p and used to compute Hρ at points q ∈ Ω¯
in the (real) normal direction from p, is the main analytical device used to pass information
from bΩ into Ω.
In Section 4 the Taylor expansion of Hρ is studied in greater detail. Assuming that Ω
admits a plurisubharmonic defining function near p ∈ bΩ provides enough control on terms
in (1.2) to yield necessary and sufficient conditions on X such that ρ = r(1 + Kr + X)
is plurisubharmonic in a neighborhood of p. A difference between producing a plurisub-
harmonic defining function in a neighborhood of strongly and weakly pseudoconvex points
is also observed. More generally, the “jumping” of the D’Angelo 1-type appears to be an
obstacle for producing plurisubharmonic defining functions. The main result in Section 5 is
Theorem 1.3. Let Ω = {r < 0} ⊂ C2 be a domain with a plurisubharmonic defining
function on the boundary r in a neighborhood U of p and all weakly pseudoconvex points in
U are of the same D’Angelo 1-type 2k. Then
ρ = r(1 +Kr + LX2)
is plurisubharmonic in a neighborhood of p for some K > 0, L ∈ R, and X is either
Re[D2k−3Lr] or Im[D
2k−3
Lr],
where D2k−3 = Π2k−3j=1 Lj is a monomial such that LrΠ
2k−3
j=1 Lr(p) 6= 0.
Two special cases of Theorem 1.3 follow easily:
Corollary 1.4. Let Ω = {r < 0} ⊂ C2, with r plurisubharmonic on the boundary and
p0 ∈ bΩ an isolated weakly pseudoconvex point. Then Ω admits a plurisubharmonic defining
function in a neighborhood of p0.
Corollary 1.5. Let Ω = {r < 0} ⊂ C2, with r plurisubharmonic on bΩ and p0 ∈ bΩ with
∆1(bΩ, p0) = 4. Then there exists a defining function which is plurisubharmonic in some
neighborhood of p0.
A similar problem was considered by Liu [10],[11]. Recall that a Diederich-Fornaess
exponent of Ω ⊂⊂ Cn is a number η ∈ (0, 1] for which there exists a smooth defining
function ρ such that −(−ρ)η is strictly plurisubharmonic. Liu constructs an equation similar
to (1.2) in order to control the size of such exponents. However factors of size 11−η in the
equation prevent its use in determining when Ω admits an actual plurisubharmonic defining
function; or in other words has Diederich-Fornaess exponent exactly 1. This is precisely the
case detailed in this paper.
The author would like to thank Jeffery McNeal for numerous discussions about the topic
of this paper and helpful comments while preparing this manuscript.
32. Preliminaries
Notation and basic facts that used throughout the paper are recorded. Partial derivatives
will be denoted with subscripts, e.g., rzj =
∂r
∂zj
. A defining function for Ω ⊂ C2 is a function
r such that Ω = {(z, w) ∈ C2 : r(z, w) < 0} and ∇r 6= (0, 0) on the boundary.
If p ∈ bΩ, translating coordinates reduces to considering p = (0, 0) is the origin. A further
rotation produces
r(z, w) =Imw + F (z, w), for some real-valued F with (2.1)
F (0, 0) =0 and ∇F (0, 0) = (0, 0)
Then rw(0, 0) =
1
2i .
Let Hf =
(
fzz¯ fzw¯
fz¯w fww¯
)
denote the complex Hessian of f . Denote Hf acting on vectors
V = 〈V1, V2〉 and W = 〈W1,W2〉 by
Hf (V,W ) = V HfW¯ = fzz¯V1W¯1 + fww¯V2W¯2 + 2Re[fzw¯V1W¯2].
The determinant of Hf is denoted Hf = detHf .
Let Lf =
∂f
∂w
∂
∂z
− ∂f
∂z
∂
∂w
and Nf =
∂f
∂z¯
∂
∂z
+ ∂f
∂w¯
∂
∂w
. Then Lr is the complex tangential and
Nr is the complex normal direction to the boundary. Furthermore,
Hr(Lr, Lr)(p) := Lr(p) = rzz¯|rw|
2 + rww¯|rz|
2 − 2Re[rzw¯rz¯rw]
∣∣
p
is the Levi form at the boundary point p ∈ bΩ.
A function f is plurisubharmonic if Hf is a positive semi-definite matrix. By Sylvester’s
criterion [6], f is plurisubharmonic if Hf = det(Hf ) ≥ 0 and fzz¯, fww¯ ≥ 0.
Big O notation is denoted by O with the asymptotics occuring at the origin, that is,
f(z) = O(g(z)) if there exists constants M, δ > 0 such that
|f(z)| < M |g(z)|, when 0 < |z| < δ.
Finally, a version of Taylor’s theorem will be used extensively. Since bΩ is smooth, there
exists a neighborhood U of bΩ and a smooth map
π : Ω¯ ∩ U →bΩ
q 7−→π(q) = p
such that p ∈ bΩ lies on the (real) normal to bΩ passing through q. Let dbΩ(q) be the complex
euclidean distance of q to bΩ. Then q = p − dbΩ(q)|∂r(p)|Nr(p). Let f ∈ C
2(Ω¯), q ∈ Ω¯ ∩ U , and
p = π(q). Taylor’s formula in complex notation says
f(q) =f(p) + fz(p)(q1 − p1) + fw(p)(q2 − p2) + fz¯(p)(q¯1 − p¯1) + fw¯(p)(q¯2 − p¯2) +O(d
2
bΩ)
=f(p)−
dbΩ(q)
|∂r(p)|
[rz¯(p)fz(p) + rw¯(p)fw(p) + rz(p)fz¯(p) + rw(p)fw¯(p)] +O(d
2
bΩ)
=f(p)− 2
dbΩ(q)
|∂r(p)|
[(ReN)(f)](p) +O(d2bΩ)
Since − dbΩ|∂r| is another defining function for Ω, there exists a positive real-valued function u
such that − dbΩ|∂r| = u · r. Therefore Taylor’s formula can be written as
f(q) = f(p) + 2u(q)r(q)[(ReN)f ](p) +O(r2). (2.2)
If f is real-valued, (2.2) becomes
f(q) = f(p) + 2u(q)r(q)Re[Nf ](p) +O(r2).
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3. Determinant of the complex Hessian
An arbitrary defining function for Ω is necessarily a multiple of r, i.e., ρ = r · h for some
real-valued positive function h. By rescaling write
h = 1 +Kr +X
for K ∈ R and X a real-valued function with X(0, 0) = 0. This decomposition is not
unique, but we are interested in properties X needs to satisfy so that ρ = r(1 +Kr +X)
is plurisubharmonic. For brevity write P = 1 +X. Note that P > 0 in a sufficiently small
neighborhood of the origin.
In this section the determinant of the complex Hessian of ρ is computed in terms of r
and P . This formula is the basis for most of the simplifications in this paper.
Hρ =ρzz¯ρww¯ − |ρzw¯|
2
=
(
(Kr2)zz¯ + (Pr)zz¯
) (
(Kr2)ww¯ + (Pr)ww¯
)
−
∣∣(Kr2)zw¯ + (Pr)zw¯∣∣2
=(Kr2)zz¯(Kr
2)ww¯ + (Pr)zz¯(Kr
2)ww¯ + (Pr)ww¯(Kr
2)zz¯ + (Pr)zz¯(Pr)ww¯
− |(Kr2)zw¯|
2 − |(Pr)zw¯|
2 − 2Re[(Kr2)zw¯(Pr)z¯w]
=K2Hr2 + HPr +K
(
(Pr)zz¯(r
2)ww¯ + (Pr)ww¯(r
2)zz¯ − 2Re[(r
2)zw¯(Pr)z¯w]
)︸ ︷︷ ︸
A
. (3.1)
Consider each term in (3.1) separately and organize them in terms of powers of r. The
first term is
K2Hr2 =K
2(r2)zz¯(r
2)ww¯ − |(r
2)zw¯|
2
=(2rrzz¯ + 2|rz|
2)(2rrww¯ + 2|rw|
2)− |2rrzw¯ + 2rzrw¯|
2
=4K2(r2rzz¯rww¯ + rrzz¯|rw|
2 + rrww¯|rz|
2 + |rz|
2|rw|
2
− r2|rzw¯|
2 − |rz|
2|rw|
2 − 2Re[rrzw¯rz¯rw])
=r(4K2Hr(Lr, Lr)) + r
2(4K2Hr). (3.2)
The second term is
HPr =(Pr)zz¯(Pr)ww¯ − |(Pr)zw¯|
2
=(Przz¯ + 2Re[rzPz¯] + rPzz¯)(Prww¯ + 2Re[rwPw¯] + rPww¯)
− |Przw¯ + rzPw¯ + rw¯Pz + rPzw¯|
2
=P 2rzz¯rww¯ + 2Przz¯Re[rwPw¯] + Prrzz¯Pww¯ + 2Prww¯Re[rzPz¯] + 4Re[rzPz¯]Re[rwPw¯]
+ 2rPww¯Re[rzPz¯] + Prrww¯Pzz¯ + 2rPzz¯Re[rwPw¯] + r
2Pzz¯Pww¯ − P
2|rzw¯|
2 − r2|Pzw¯|
2
− |rzPw¯ + rw¯Pz|
2 − 2Re[Przw¯(rz¯Pw + rwPz¯)]− 2Re[Prrzw¯Pz¯w]
− 2Re[rPzw¯(rz¯Pw + rwPz¯)]
=P 2
(
rzz¯rww¯ − |rzw¯|
2
)
+ 2P (rzz¯Re[rwPw¯] + rww¯Re[rzPz¯]− Re[rzw¯(rz¯Pw + rwPz¯)])
+ 2r (Pww¯Re[rzPz¯] + Pzz¯Re[rwPw¯]− Re[Pzw¯(rz¯Pw + rwPz¯)]) + r
2
(
Pzz¯Pww¯ − |Pzw¯|
2
)
+ Pr(rzz¯Pww¯ + rww¯Pzw¯ − 2Re[rzw¯Pz¯w]︸ ︷︷ ︸
QP
) + 4Re[rzPz¯]Re[rwPw¯]− |rzPw¯ + rw¯Pz|
2︸ ︷︷ ︸
BP
=
(
P 2Hr + 2PRe[Hr(Lr, LP )] +BP
)
+ r (PQP + 2Re[HP (Lr, LP )]) + r
2 (HP ) .
(3.3)
5And finally
A =K
(
(Pr)zz¯(r
2)ww¯ + (Pr)ww¯(r
2)zz¯ − 2Re[(Pr)z¯w(r
2)zw¯]
)
=K
(
(Przz¯ + 2Re[rzPz¯] + rPzz¯)(2rrww¯ + 2|rw|
2)
+ (Prww¯ + 2Re[rwPw¯] + rPww¯)(2rrzz¯ + 2|rz|
2)
− 2Re[(Prz¯w + rz¯Pw + rwPz¯ + rPz¯w)(2rrzw¯ + 2rzrw¯)]
)
=2K
(
Prrzz¯rww¯ + Przz¯|rw|
2 + 2rrww¯Re[rzPz¯] +✭✭✭✭
✭
✭
✭
2|rw|
2Re[rzPz¯] + r
2rww¯Pzz¯ + rPzz¯|rw|
2
+ Prrww¯rzz¯ + Prww¯|rz|
2 + 2rrzz¯Re[rwPw¯] +✭✭✭✭
✭
✭
✭
2|rz|
2Re[rwPw¯] + r
2rzz¯Pww¯ + rPww¯|rz|
2
− 2Re[Pr|rzw¯|
2]− 2Re[Prz¯wrzrw¯]− 2Re[rrzw¯(rz¯Pw + rwPz¯)]
✭
✭
✭
✭
✭
✭
✭
✭
−2Re[|rz |
2Pwrw¯]
✭
✭
✭
✭
✭
✭
✭
✭
−2Re[|rw|
2rzPz¯]− 2Re[r
2rzw¯Pz¯w]− 2Re[rPz¯wrzrw¯]
)
=2K
(
Pr
(
2rzz¯rww¯ − 2|rzw¯|
2
)
+ P
(
rzz¯|rw|
2 + rww¯|rz|
2 − 2Re[rz¯wrzrw¯]
)
+ 2r (rww¯Re[rzPz¯] + rzz¯Re[rwPw¯]− 2Re[rzw¯(rz¯Pw + rwPz¯)])
+ r2 (rww¯Pzz¯ + rzz¯Pww¯ − 2Re[rzw¯Pz¯w]) + r
(
Pzz¯|rw|
2 + Pww¯|rz|
2 − 2Re[Pz¯wrzrw¯]
) )
=2KPHr(Lr, Lr) + r (4KPHr + 4KRe[Hr(Lr, LP )] + 2KHP (Lr, Lr)) + r
2 (2KQP ) .
(3.4)
Substituting (3.2), (3.3), and (3.4) into (3.1),
Hρ =
(
2KPHr(Lr, Lr) + P
2
Hr + 2PRe[Hr(Lr, LP )] +BP
)
+ r
(
4K2Hr(Lr, Lr) + PQP + 2Re[HP (Lr, LP )] + 4KPHr + 4KRe[Hr(Lr, LP )]
+ 2KHP (Lr, Lr)
)
+ r2
(
4K2Hr + HP + 2KQP
)
. (3.5)
Now apply (2.2) to each relevant term in (3.5) up to power r2
Hρ(q) =2KP (q)Hr(Lr, Lr)(p) + 4KP (q)r(q)u(q)Re[NHr(Lr, Lr)](p)
+ P 2(q)Hr(p) + 2P
2(q)r(q)u(q)Re[NHr](p)
+ 2P (q)Re[Hr(Lr, LP )](p) + 4P (q)r(q)u(q)Re[NRe[Hr(Lr, LP )]](p)
+BP (p) + 2r(q)u(q)Re[NBP ](p)
+ r(q)
(
4K2Hr(Lr, Lr)(p) + P (q)QP (p) + 2Re[HP (Lr, LP )](p) + 4KP (q)Hr(p)
+ 4KRe[Hr(Lr, LP )](p) + 2KHP (Lr, Lr)(p)
)
+O(r2). (3.6)
For brevity, drop the point q from notation. Recall that Hr(Lr, Lr)(p) = Lr(p). Combining
like powers of r in (3.6)
Hρ(q) =
(
2KPLr(p) + P
2
Hr(p) + 2PRe[Hr(Lr, LP )](p) +BP (p)
)
+r
(
4KPuRe[NHr(Lr, Lr)](p) + 2P
2uRe[NHr](p)
+ 4PuRe[NRe[Hr(Lr, LP )]](p) + 2uRe[NBP ](p)
+ 4K2Lr(p) + PQP (p) + 2Re[HP (Lr, LP )](p) + 4KPHr(p)
+ 4KRe[Hr(Lr, LP )](p) + 2KHP (Lr, Lr)(p)
)
+O(r2) (3.7)
is obtained. For clarity: all functions in (3.7) not explicitly evaluated are evaluated at q.
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4. Domains with a local plurisubharmonic defining function on the
boundary
Now suppose Ω ⊂ C2 admits a defining function r that is plurisubharmonic on bΩ. Then
Hr(V, V )(p) ≥ 0 for all vectors V ∈ C
2 and p ∈ bΩ; in particular
Hr(Lr, Lr)(p) = Lr(p) ≥ 0.
Say that p is a weakly pseudoconvex point if Lr(p) = 0 and a strongly pseudoconvex point
if Lr(p) > 0. Strongly and weakly pseudoconvex will be considered separately.
Let
ρ = r(1 +Kr +X).
The objective is to find conditions on functions P = 1 +X that make ρ plurisubharmonic.
Computing ρww¯ gives
ρww¯ =(1 +Kr +X)rww¯ + 2Re[rw(Krw¯ +Xw¯)] + r(Krww¯ +Xww¯),
and evaluation at the origin yields
ρww¯(0, 0) =rww¯(0, 0) + 2K|rw(0, 0)|
2 + 2Re[rw(0, 0)Xw¯(0, 0)]
=rww¯(0, 0) +
K
2
+ 2Re[
1
2i
Xw¯(0, 0)].
For any C > 0, ρww¯(0, 0) > 2C > 0 if K > 0 is chosen big enough. Therefore
ρww¯ > C > 0 (4.1)
in a sufficiently small neighborhood of the origin, if K > 0 large enough. Consequently,
focus can be turned to making Hρ ≥ 0.
Consider the constant terms (with respect to r) in (3.7). Define
Gρ(q) := 2KP (q)Lr(p) + P
2(q)Hr(p) + 2P (q)Re[Hr(Lr, LP )](p) +BP (p)
for q ∈ Ω¯ with π(q) = p. Then
Hρ(q) = Gρ(q) +O(r).
Proposition 4.2. Suppose that ρ is plurisubharmonic. Then
(1) Gρ(p) ≥ 0 for all boundary points p ∈ bΩ, and
(2) if Gρ(p0) > 0 for p0 ∈ bΩ, then ρ is plurisubharmonic in a neighborhood of p0.
Proof. By assumption, ρ is plurisubharmonic if p ∈ bΩ. Evaluating (3.7) at p ∈ bΩ yields
0 ≤ Hρ(p) = 2KP (p)Lr(p) + P
2(p)Hr(p) + 2P (p)Re[Hr(Lr, LP )](p) +BP (p) = Gρ(p).
For (2) assume Gρ(p0) > 0. Then Hρ(p0) > 0 and continuity shows there exists a
neighborhood U of p0 such that Hρ(q) > 0 for all q ∈ U . Since Lr(p0) ≥ 0 and P (p0) > 0,
increasing K > 0 will not affect Hρ ≥ 0. With (4.1), this shows ρ is plurisubharmonic for
K > 0 large enough, in a sufficiently small neighborhood of p0. 
4.1. Strongly pseudoconvex points.
Corollary 4.3. Let Ω = {r < 0} ⊂ C2 with a plurisubharmonic defining function on the
boundary r. Let p ∈ bΩ be a strongly pseudoconvex point. There exists K > 0 such that for
all real-valued functions P = 1+X there exists a neighborhood U of p such that Hρ(q) > 0
for all q ∈ U with π(q) = p.
7Proof. Since p is a strongly pseudoconvex point, Lr(p) > 0. By Proposition 4.2 it suffices
to show that Gρ(p) > 0. Expanding Gρ(p)
Gρ(p) = 2KP (p)Lr(p) + P
2(p)Hr(p) + 2P (p)Re[Hr(Lr, LP )](p) +BP (p)
notice that
P 2(p)Hr(p) + 2P (p)Re[Hr(Lr, LP )](p) +BP (p) ≤ C
is bounded and the constant C is independent of K. Therefore, for K > C
Lr(p)
and in a
neighborhood of the origin U where P > 12
Gρ(p) ≥ 2KP (p)Lr(p)− C > 2CP (p)−C > 0.

Remark 4.4. Given enough positivity of Gρ(p) − 2KP (p)Lr(p) and ρww¯(p), K < 0 can be
chosen as well.
Corollary 4.3 shows that for points q ∈ Ω with π(q) = p where p is a strongly pseudocon-
vex point, the determinant of the complex Hessian can be always made positive in a small
neighborhood no matter the choice of a real-valued function X.
This recovers, from a different viewpoint, the n = 2 case of a result of Kohn:
Theorem 4.5 (Kohn [9]). Let Ω = {r < 0} ⊂ Cn be a strongly pseudoconvex domain with
a defining function r. Then ρ = r(1+Kr) is a plurisubharmonic defining function for some
K > 0.
4.2. Weakly pseudoconvex points. The difficulty of producing a plurisubharmonic defin-
ing function occurs at points q ∈ Ω which lie in the normal direction from weakly pseudo-
convex points. From now on let p ∈ bΩ be a weakly pseudoconvex point and let q ∈ Ω¯ with
π(q) = p. Let
W = {p ∈ bΩ : Lr(p) = 0}
be a set of weakly pseudoconvex points of Ω.
First we collect some basic facts about plurisubharmonic defining functions at weakly
pseudoconvex points.
Lemma 4.6. Suppose that r is plurisubharmonic on the boundary and p ∈ bΩ is weakly
pseudoconvex. Then for all vectors V ∈ C2
Hr(Lr, V )(p) = 0.
In particular Hr(Lr, LP ) = 0.
Proof. Since Hr is positive semi-definite Cauchy-Schwarz applies
|Hr(Lr, V )(p)| ≤ (Hr(Lr, Lr)(p))
1
2 (Hr(V, V )(p))
1
2 .
The conclusion follows since Hr(Lr, Lr)(p) = Lr(p) = 0 for weakly pseudoconvex points.

Lemma 4.7. Suppose that r is plurisubharmonic on the boundary and p ∈ bΩ. Then:
(1) Hr(p) ≥ 0, and
(2) if p is a weakly pseudoconvex point then Hr(p) = 0.
Proof. (1) is immediate from Sylvester’s criterion. If p is weakly pseudoconvex 0 is an
eigenvalue of Hr as Hr(Lr, Lr)(p) = 0. Therefore, Hr cannot be positive definite and by
Sylvester’s criterion Hr(p) 6> 0. 
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Starting with equation (3.7) and using Lemma 4.6 and Lemma 4.7
Hρ(q) = BP (p) + r
(
4KPuRe[NHr(Lr, Lr)](p) + 2P
2uRe[NHr](p)
+ 4PuRe[NRe[Hr(Lr, LP )]](p) + 2uRe[NBP ](p) + PQP (p)
+ 2Re[HP (Lr, LP )](p) + 2KHP (Lr, Lr)(p)
)
+O(r2) (4.8)
for all p ∈W .
Examining each power of r in (4.8) a necessary condition as well as a sufficient condition
is obtained. Considering the constant terms in (4.8) gives a necessary condition:
Lemma 4.9. Suppose that ρ is plurisubharmonic and p ∈W . Then
BP (p) = (4Re[rzPz¯]Re[rwPw¯]− |rzPw¯ + rw¯Pz|
2)
∣∣
p
= 0.
Proof. Since p ∈ bΩ is a weakly pseudoconvex point,
0 = Hρ(p) = BP (p).
In fact, Lemma 4.10 shows that BP ≤ 0. In order to preserve plurisubharmonicity on the
boundary BP (p) = 0. 
Proposition 4.9 shows the differential equation BP = 0 and the set Z(BP ) = {p ∈ bΩ :
BP (p) = 0} are of critical importance. In particular, only real-valued functions P with
W ⊂ Z(BP ) need be considered. Some elementary lemmas about BP and Z(BP ) are now
derived, towards building a library of functions P satisfying W ⊂ Z(BP ). It is clear that if
P = 1 +X, BP = BX and so P and X are used interchangeably.
Lemma 4.10. Let p ∈ bΩ be any (not necessarily weakly pseudoconvex point) point in the
boundary of Ω. Then
BP (p) ≤ 0 and
BP (p) = 0 if and only if Lr(P )(p) = 0.
Proof. Expanding the definition of BP gives us
BP =4Re[rzPz¯ ]Re[rwPw¯]− |rzPw¯ + rw¯Pz|
2
=4Re[rzPz¯ ]Re[rwPw¯]− |rz|
2|Pw|
2 − |rw|
2|Pz|
2 − 2Re[rzPw¯rwPz¯]
=4Re[rzPz¯ ]Re[rwPw¯]− |rz|
2|Pw|
2 − |rw|
2|Pz|
2
− 2Re[rzPz¯ ]Re[rwPw¯] + 2Im[rzPz¯ ]Im[rwPw¯]
=− |rz|
2|Pw|
2 − |rw|
2|Pz|
2 + 2Re[rzPz¯]Re[rwPw¯] + 2Im[rzPz¯]Im[rwPw¯] (4.11)
Using the Arithmetic-Geometric mean inequality
|rz|
2|Pw|
2 + |rw|
2|Pz|
2 ≥ 2
√
|rz|2|Pw|2|rw|2|Pz |2 = 2|rz||Pw||rw||Pz|. (4.12)
By Cauchy-Schwarz
(Re[rzPz¯]Re[rwPw¯] + Im[rzPz¯]Im[rwPw¯])
≤((Re[rzPz¯])
2 + (Im[rzPz¯])
2)
1
2 ((Re[rwPw¯])
2 + (Im[rwPw¯])
2)
1
2
=(|rzPz|
2)
1
2 (|rwPw|
2)
1
2 = |rz||Pz ||rw||Pw|. (4.13)
Substituting inequalities (4.12) and (4.13) into equation (4.11) proves the result. Further-
more, the equality holds if and only if
|rz||Pw| = |rw||Pz | (4.14)
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〈Re[rzPz¯], Im[rzPz¯]〉 = λ〈Re[rwPw¯], Im[rwPw¯]〉 (4.15)
for some λ ∈ R. However, notice that if λ < 0 both terms in the definition of BP are
non-positive and must both equal 0 for the equality to hold. Thus, we may assume λ ≥ 0.
The equality (4.15) can be rephrased as following:
rzPz¯ = Re[rzPz¯] + iIm[rzPz¯] = λRe[rwPw¯] + iλIm[rwPw¯] = λrwPw¯. (4.16)
If any of rz, rw, Pz , Pw equal 0 at p, the equation (4.14) says that
Lr(P )(p) = rw(p)Pz(p)− rz(p)Pw(p) = 0.
Now suppose none of the terms vanish at p. Then taking the modulus of each side of
(4.16) gives |rz||Pz | = λ|rw||Pw|. Solving for |Pw| =
|rz||Pz|
λ|rw|
, substituting it into equation
(4.14), and solving for λ
λ =
|rz|
2
|rw|2
.
Finally, substituting λ back into (4.16)
0 =rzPz¯ − λrwPw¯ = rzPz¯ −
|rz|
2
|rw|2
rwPw¯
=
rz
rw¯
(rw¯Pz¯ − rz¯Pw¯) =
rz
rw¯
Lr(P ).
The above string of equalities show that (4.14) and (4.16) is equivalent to Lr(P )(p) = 0. 
Lemma 4.17. For all α ∈ R \ {0},
Z(BαP ) = Z(BP ).
Proof. The result follows from homogeneity of BP ,
BαP =4Re[rz(αPz¯)]Re[rw(αPw¯)]− |rz(αPw¯ + rw¯(αPz)|
2
=4α2
(
Re[rzPz¯]Re[rwPw¯]− |rzPw¯ + rw¯Pz|
2
)
=4α2BP .

By considering terms in the coefficient of r in (4.8), the following sufficient condition for
making ρ plurisubharmonic is obtained:
Proposition 4.18. Let W be the set of weakly pseudoconvex points of Ω. Let (0, 0) = p0 ∈
W be the origin and let U be a neighborhood of p0. Suppose that there exists a real-valued
function P = 1 +X such that
(1) W ∩ U ⊂ Z(BP ), i.e., for all p ∈W ∩ U Lr(P )(p) = 0, and
(2) HP (Lr, Lr)(p0) 6= 0.
Then there exist constants K > 0 and L ∈ R such that ρ = r(1 +Kr+LX) is plurisubhar-
monic in some neighborhood of p0.
Proof. Suppose that there exists a real-valued function P = 1+X that satisfies (1) and (2).
By Corollary 4.3 it is enough to show that there is a neighborhood V of p such that
H (q) ≥ 0 for q ∈ V with π(q) = p, where p ∈W ∩ V .
Let p ∈W ∩ U and q ∈ Ω with π(q) = p. Let
P = 1 + LX, that is ρ = r(1 +Kr + LX),
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where L ∈ R \ {0} to be chosen later. By Lemma 4.17, W ∩ U ⊂ Z(BX) = Z(BLX).
Furthermore, by linearity,
H1+LX(Lr, Lr)(p) = LH1+X(Lr, Lr)(p).
Replacing X by −X if necessary, we may assume that H1+X(Lr, Lr)(p0) > 0.
Then, by continuity, there exists ǫ > 0 and a neighborhood U1 ⊂ U of p0 such that
H1+X(Lr, Lr)(p) > ǫ > 0, for all p ∈ U1.
Starting with (4.8) and using the assumption (1)
Hρ(q) = r
(
4KPuRe[NHr(Lr, Lr)](p) + 2P
2uRe[NHr](p)
+ 4PuRe[NRe[Hr(Lr, LP )]](p) + 2uRe[NBP ](p) + PQP (p)
+ 2Re[HP (Lr, LP )](p) + 2KHP (Lr, Lr)(p)
)
+O(r2). (4.19)
In a sufficiently small neighborhood U2 ⊂ U1 of p0
2P 2uRe[NHr](p) + 4PuRe[NRe[Hr(Lr, LP )]](p) + 2uRe[NBP ](p)
+PQP (p) + 2Re[HP (Lr, LP )](p) + 2KHP (Lr, Lr)(p) ≤ C1
is bounded and C1 > 0 is independent of K and
PuRe[NHr(Lr, Lr)](p) ≤ C2
is bounded and C2 > 0. Picking L = −
4C2
ǫ
and recalling r(q) < 0
Hρ(q) ≥r(4KC2 + C1 + 2KLH1+X(Lr, Lr)(p)) +O(r
2)
>r(4KC2 + C1 − 8KC2) +O(r
2)
≥r(−4KC2 + 2C1)
in a sufficiently small neighborhood. Finally, for K = C1
C2
> 0
Hρ(q) ≥ −2C1r(q) ≥ 0 for all q ∈ U2 with π(q) = p and p ∈W ∩ U2
as desired. 
5. Example: Constancy of Type
In [2] D’Angelo defined a local notion of the holomorphic flatness of real hypersurfaces
M ⊂ Cn at p ∈M , by measuring order of contact with 1-dimensional holomorphic curves.
Denote this measurement by ∆1(M,p). Boundaries of a smoothly bounded domains may, of
course, be viewed as real hypersurfaces. For precise definitions and results about ∆1(M,p)
see [3] and its bibliography.
The following characterization in C2 is useful in the setting of this paper:
Theorem 5.1 (D’Angelo [3], Theorem 9, p. 142). Suppose that M is a real hypersurface
in C2 and let Lr be a nonzero (1, 0) vector field defined near p. Then ∆
1(M,p) = k if and
only if k is the smallest integer for which there is a monomial
Dk−2 = Πk−2j=0Lj for which D
k−2
Lr(p) 6= 0,
where each Lj is either Lr or L¯r.
The following two lemmas show P 2 is worth considering.
Lemma 5.2.
Z(BP 2) = Z(P ) ∪ Z(BP )
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Proof. Again, by homogeneity,
BP 2 =− |rz(P
2)w¯ + rw¯(P
2)z|
2 + 4Re[rz(P
2)z¯]Re[rw(P
2)w¯]
=− |rz(2PPw¯) + rw¯(2PPz)|
2 + 4Re[rz(2PPz¯)]Re[rw(2PPw¯)]
=− 4P 2|rzPw¯ + rw¯Pz |
2 + 4Re[rzPz¯]Re[rwPw¯]
=4P 2BP .
Therefore Z(BP 2) = Z(P ) ∪ Z(BP ). 
Lemma 5.3.
HP 2(Lr, Lr) = 2PHP (Lr, Lr) + 2|Lr(P )|
2
Proof. A computation shows
HP 2(Lr, Lr) =(P
2)zz¯|rw|
2 + (P 2)ww¯|rz|
2 − 2Re[(P 2)zw¯rz¯rw]
=(2PPzz¯ + 2|Pz |
2)zz¯|rw|
2 + (2PPww¯ + 2|Pw|
2)|rz|
2
− 2Re[(2PPzw¯ + 2PzPw¯)rz¯rw]
=2PHP (Lr, Lr) + 2|Pz |
2|rw|
2 + 2|Pw|
2|rz|
2 − 4Re[PzPw¯rz¯rw]
=2PHP (Lr, Lr) + 2|rzPw − Pzrw|
2
=2PHP (Lr, Lr) + 2|Lr(P )|
2.

Theorem 5.1, Lemma 5.2, and Lemma 5.3 will be used as a guide to constructing P that
satisfy the assumptions of Proposition 4.18, i.e., Lr(P )(p) = 0 for all weakly pseudoconvex
points p and HP (Lr, Lr)(p0) 6= 0.
Suppose that Ω = {r < 0} ⊂ C2 and r is plurisubharmonic on bΩ. Furthermore, suppose
all weakly pseudoconvex points are of the same type: ∆1(bΩ, p) = m for all p ∈ W . Since
Ω is pseudoconvex, m = 2k for k ∈ Z+.
Let p0 ∈W with ∆
1(bΩ, p0) = 2k. Let D
2k−2 be the monomial for which
D2k−2Lr(p0) 6= 0
as in the Theorem 5.1 and D2k−3 the monomial such that LjD
2k−3Lr = D
2k−2Lr. By
considering the conjugate D2k−2Lr, we may assume that Lj = Lr.
Then
Lr
(
Re[D2k−3Lr]
)
(p0) =Lr
(
1
2
(
D2k−3Lr +D2k−3Lr
))
(p0)
=
1
2
(
LrD
2k−3
Lr(p0) + LrD2k−3Lr(p0)
)
(5.4)
and
Lr
(
Im[D2k−3Lr]
)
(p0) =Lr
(
1
2i
(
D2k−3Lr −D2k−3Lr
))
(p0)
=
1
2i
(
LrD
2k−3
Lr(p0)− LrD2k−3Lr(p0)
)
. (5.5)
In particular, since LrD
2k−3Lr(p0) 6= 0, (5.4) and (5.5) cannot both vanish simultane-
ously. If (5.4) does not vanish, let X = Re[D2k−3Lr], otherwise let X = Im[D
2k−3Lr].
This choice of X guarantees that Lr(X)(p0) 6= 0. By Theorem 5.1 for all p ∈W
D2k−3Lr(p) = 0 and D2k−3Lr(p) = 0,
that is, X(p) = 0 for all p ∈W for either choice of X.
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Then by Lemma 5.2 W ⊂ Z(BX2). Furthermore by Lemma 5.3 HX2(Lr, Lr)(p0) =
|Lr(X)(p0)|
2 6= 0. Therefore the assumptions of Proposition 4.18 are satisfied. We have
just proved the following theorem:
Theorem 5.6. Let Ω = {r < 0} ⊂ C2 be a domain with a plurisubharmonic defining
function on the boundary in a neighborhood U of p and all weakly pseudoconvex points in
U are of the same D’Angelo 1-type 2k. Then
ρ = r(1 +Kr + LX2)
is plurisubharmonic on (possibly smaller) neighborhood of p for some K > 0 and L ∈ R and
X is either Re[D2k−3Lr] or Im[D
2k−3Lr].
The following two corollaries are special cases of the Theorem 5.6:
Corollary 5.7. Let Ω = {r < 0} ⊂ C2 with a plurisubharmonic defining function on the
boundary and an isolated weakly pseudoconvex point. Then Ω admits a plurisubharmonic
defining function.
and
Corollary 5.8. Let Ω = {r < 0} ⊂ C2 with a plurisubharmonic defining function on the
boundary and ∆1(bΩ, p0) = 4. Then there exists a defining function which is plurisubhar-
monic in some neighborhood of p0.
Proof. The only fact that needs verifying is: if ∆1(bΩ, p0) = 4, then there exists a neigh-
borhood U of p0 such that ∆
1(bΩ, p) = 4 for all p ∈ W ∩ U . This was proved in greater
generality by D’Angelo in [3] Theorem 6 on p.137. 
6. Higher order Taylor’s formula
Proposition 4.18 gives a sufficient condition for ρ = r(1 + Kr + X) to be a local
plurisubharmonic defining function. However it may be the case that W ⊂ Z(BX) and
HX(Lr, Lr)(p) = 0 for all choices of X and p ∈ W . The proposition then does not apply,
but it is still possible that a plurisubharmonic ρ may be constructed locally. To determine
if that is the case, Taylor analysis to higher order needs to be considered. Each additional
degree in the Taylor expansion imposes a new necessary condition, akin to Lemma 4.9 and
Lemma 4.10.
From now on assume that r is a real-analytic defining function for Ω and r is plurisub-
harmonic on the boundary. We introduce new notation to help us organize the calculations
involving higher order Taylor approximations. Denote by Akf the coefficient function of r
k
in the Taylor formula. That is,
f(q) =
∞∑
k=0
Ak(f)
(−dbΩ(q))
k
|∂r(q)|k
=
∞∑
k=0
Ak(f)u
k(q)rk(q) (6.1)
In Section 2, the first few Ai(f)’s were computed A0(f) = f(p), A1(f) = Re[Nrf ](p),
A2(f) = 2Re[(NrNr)f ](p) + N¯rNrf(p), and so on. Also set A−2 = A−1 = 0.
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Equation (3.5) says
Hρ =
(
2KPHr(Lr, Lr) + P
2
Hr + 2PRe[Hr(Lr, LP )] +BP
)
+ r
(
4K2Hr(Lr, Lr) + PQP + 2Re[HP (Lr, LP )] + 4KPHr + 4KRe[Hr(Lr, LP )]
+ 2KHP (Lr, Lr)
)
+ r2
(
4K2Hr + HP + 2KQP
)
. (6.2)
Applying the Taylor expansion (6.1) to relevant terms in (6.2) and regrouping them
according to the power of r
Hρ(q) =
∞∑
k=0
rk
(
2KPukAk(Hr(Lr, Lr)) + P
2ukAk(Hr) + 2Pu
kAk(Re[Hr(Lr, LP )])
+ ukAk(BP ) + 4K
2uk−1Ak−1(Hr(Lr, Lr)) + Pu
k−1Ak−1(QP )
+ 2uk−1Ak−1(Re[HP (Lr, LP )]) + 4KPu
k−1Ak−1(Hr)
+ 4Kuk−1Ak−1(Re[Hr(Lr, LP )]) + 2Ku
k−1Ak−1(HP (Lr, Lr))
+ 4K2uk−2Ak−2(Hr) + u
k−2Ak−2(HP ) + 2Ku
k−2Ak−2(QP )
)
. (6.3)
Combining the like powers of K in (6.3)
Hρ(q) =
∞∑
k=0
rk
((
P 2ukAk(Hr) + 2Pu
kAk(Re[Hr(Lr, LP )]) + u
kAk(BP )
+ Puk−1Ak−1(QP ) + 2u
k−1Ak−1(Re[HP (Lr, LP )]) + u
k−2Ak−2(HP )
)
+K
(
2PukAk(Hr(Lr, Lr)) + 4Pu
k−1Ak−1(Hr)
+ 4uk−1Ak−1(Re[Hr(Lr, LP )]) + 2u
k−1Ak−1(HP (Lr, Lr))
+ 2uk−2Ak−2(QP )
)
+K2
(
4uk−1Ak−1(Hr(Lr, Lr)) + 4u
k−2Ak−2(Hr)
))
(6.4)
rewrite the coefficient of each power of r as a polynomial of K
Hρ(q) =
∞∑
k=0
rk
(
F 0k +KF
1
k +K
2F 2k
)
=
∞∑
k=0
rkGk, (6.5)
where Gk depends on K and P .
Notice that
F 2k = 4u
k−1Ak−1(Hr(Lr, Lr)) + 4u
k−2Ak−2(Hr)
is independent of the choice of P , while F 20 , F
2
1 = 0. As F
2
k is the leading coefficient
of the polynomial Gk this term will have a great effect the range of K for which ρ is
plurisubharmonic.
Our goal is to produce a function P = 1 +X such that there exists a neighborhood U
of p0 such that for all q ∈ U with π(q) = p ∈ U ∩ bΩ there exists a positive integer N such
that
(1) for all k < N , Gk(p) = 0, and
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(2) (−1)NGN (p) > 0.
Then in a sufficiently small neighborhood U ′ of the p, for all q ∈ Ω ∩ U ′ with π(q) = p:
Hρ(q) =
∞∑
k=N
rkGk = r
NGN +O(r
N+1) ≥ rN (GN −
1
2
GN ) =
1
2
GNr
N > 0.
If Gk = 0 for all k ∈ N, then Hρ(q) = 0 on the line normal to p and ρ is plurisubharmonic
at those points.
Remark 6.6. Note that N need not be the same for all p ∈ bΩ∩U . In fact, this was observed
in Section 4 when considering strongly pseudoconvex points and weakly pseudoconvex points
separately.
Conversely: If for any neighborhood U of p0 there exists p ∈ bΩ, q ∈ Ω with π(q) = p ∈ U
and a positive inter N , such that:
(1) for all k < N , Gk = 0, and
(2) (−1)NGN < 0
then ρ is not plurisubharmonic in any neighborhood of p0. In other words, the same P
needs to satisfy the assumptions for all points p ∈ bΩ∩U in some neighborhood U of p0 for
ρ to be plurisubharmonic in U .
Putting these statements together we obtain the following
Theorem 6.7. Let Ω = {r < 0} ⊂ C2 with a defining function r which is plurisubharmonic
on the boundary and let U be a neighborhood of p0. Then Ω admits a local plurisubharmonic
defining function near p0 if and only if there exists a real-valued function P = 1 +X and
K ∈ R such that for all p ∈ bΩ ∩ U , there exists N ∈ N such that
(1) for all k < N , Gk(p) = 0 and (−1)
NGN (p) > 0, or
(2) Gk = 0 for all k ∈ N.
Each Gk = 0 for k = 0, 1, 2, ..., N − 1 imposes a necessary condition on P = 1 +X and
K. In Section 4, G0 and G1 were computed
G0 = 0 is equivalent to W ⊂ (Z(BP )) and
G1 = 0 is equivalent to (4.19) vanishing to order r
2 .
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